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Abstract 

We solve infinite-dimensional stochastic differential equations (ISDEs) 
describing an infinite number of Brownian particles interacting via two- 
dimensional Coulomb potentials. The equilibrium states of the associated 
unlabeled stochastic dynamics are the Ginibre random point field and 
Dyson's measures, which appear in random matrix theory. To solve the 
ISDEs we establish an integration by parts formula for these measures. 
Because the long-range effect of two-dimensional Coulomb potentials is 
quite strong, the properties of Brownian particles interacting with two- 
dimensional Coulomb potentials are remarkably different from those of 
Brownian particles interacting with Ruelle's class interaction potentials. 
As an example, we prove that the interacting Brownian particles associ- 
ated with the Ginibre random point field satisfy plural ISDEs. ^ ^ 



1 Introduction 

Consider infinitely many Brownian particles X — moving in inter- 

acting via the two-dimensional (2D) Coulomb potentials 4'/3: 

*^(a:) = -/31og|a;| (/3 > 0). (1.1) 

Then the stochastic dynamics X = (X*)^^^ is described by the following infinite- 
dimensional stochastic differential equation (ISDE): 



V- XI -XI 



dXl = dB\ + ^ lim dt (z e N). (1.2) 



\Xl-Xi\<r,j^i 



Here {_B*}igN is a sequence of independent copies of d-dimensional Brownian 
motions and X — (X')igN is a continuous (R'^)^-valued process. 



^Keywords: Interacting Brownian particles Coulomb potentials Random matrices Ginibre 
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Physically this dynamics describes the motion of an infinite system of a one- 
component plasma in M''. If d = 2, so that the particles can be thought of as 
infinitely long parallel charged lines perpendicular to the confining plane [1]. 
Because the Coulomb interactions are two-dimensional, the ISDE (1.2) is 
meaningful only for d = 1,2. 

The purpose of this paper is to solve the ISDE (1.2) by relating the system to 
random matrix theory. Namely, wc consider the cases d = 2, (3 — 2 and d = I, 
13 = 1,2, 4. These are related to Ginibre ensembles {d = 2, (3 = 2) and Gaussian 
random matrices called GOE, GUE, and GSE {d = 1, P = 1,2,4). The former 
is the thermodynamic limit of the distributions of cigcn values of non Hcrmitian 
random Gaussian matrices, and the latter are those of orthogonal, unitary and 
symplectic random Gaussian matrices, respectively. 

For a given interaction potential $, the study of ISDEs of this type was 
initiated by Lang [6], [7], and followed by Shiga [17], Fritz [3], Tanemura [21] 
and others. In these works $ is assumed to be a Ruelle's class potential, that 
is, 4> is super stable and integrable at infinity. In addition, $ is assumed to be 
Cq ([6], [7]) or to decay exponentially at infinity. Hence, the polynomial decay 
potentials have been excluded even for Ruelle's category. 

We develop a new approach to solve ISDEs of this kind for general potentials 

As an application we solve (1.2) with {d, P) as mentioned above. Our condi- 
tion is easily checked for all Ruelle's class potentials with suitable smoothness 
outside the origin, so we give a new result even for this class. 

All our conditions to solve ISDEs are stated in terms of geometric assump- 
tions on the ISDEs. The first step is the existence of the equilibrium state of 
the dynamics given by the ISDE. In case of Ruelle's class potentials this step 
is trivial because the equilibrium states are Gibbs measures, whose existence is 
well established in [16] , and the relationship between the candidate equilibrium 
states and the ISDE follows from the Dobrushin-Lanford-Ruelle equation (DLR 
equation) . 

On the other hand, when $ is a 2D Coulomb potential, the situation is 

drastically changed. Becaiisc of the unboundcdncss at infinity of 2D Coulomb 
potentials, we can no longer use the method in [16] for the construction of equi- 
librium states, and the DLR equation becomes meaningless. In the 2D Coulomb 
case, even the construction of infinite- volume measures for general 3 has not yet 
been established. Moreover, the lack of the DLR equation requires a new de- 
vice for clarifying the connection between the candidates for equilibrium states 
and the ISDE (1.2). For the construction, wc use a result from random matrix 
theory [8] and determinantal random point fields [19], [18]. To clarify the rela- 
tion between the measures and the ISDEs, we establish the integration by parts 
formula for the candidates for the equilibrium states. Because the candidates 
for the equilibrium states are given by the correlation functions defined by the 
determinants of some kernels, such a formula is extremely non-trivial. The cal- 
culation of such an integration by parts formula for the measures appearing in 
random matrix theory is the heart of the present paper. 

The ISDE (1.2) with = ^ = 2 is the primary example of the present paper. 
In this case wc have plural ISDEs representing the same diffusion (sec Theorems 
2.1 and 2.2). Except for the unboundedness at infinity, the 2D Coulomb poten- 
tials have rather simple structure; they yield only repulsive force. The property 
of the associated stochastic dynamics is however drastically changed from that 
of the stochastic dynamics given by Ruelle's class potentials. Indeed, we will 
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prove in a fortli coming paper tliat the tagged particles are sub-diffusive. This 
contrasts strikingly with the result of Ruelle's class potentials [11]. We conjec- 
ture that when d = 2, a. phase transition occurs in 

The ISDE (1.2) with d = 1 and d = 2 was first investigated by Spohn [20], 
and followed by [10], Nagao- Forrester [9], and Katori-Tanemura [5]. In these 
works, the dynamics was constructed by Dirichlet forms or in terms of space- 
time correlation functions. The ISDE was only intuitively obtained by analogy 
with SDEs for finite particle approximations. In this sense the ISDE (1.2) has 
not yet been solved. We remark that the passage of the SDE representation from 
the finite particle systems to the infinite one is an extremely sensitive problem 
because of the long range nature of the 2D Coulomb potentials. 

It is plausible that our method is applicable to other measures appearing 
in random matrix theory and determinantal random point fields. We do not 
pursue this here. 

The organization of the paper is as follows: In Section 2 we set up the 
mathematics and state some of the main theorems. In Section 3 we prove 
Theorems 2.6 and 2.7. These theorems give a general theory for solving ISDEs 
with long range potentials. In Section 4 we prove Theorem 4.5, which gives a 
general procedure for the integration by parts formula. In Section 5 we give a 
sufficient condition in (4.30), which is a key to the integration by parts formula 
in Section 4. In Section 6 we establish the integration by parts formula for the 
Ginibre random point field, which corresponds to the case d = 2 and /3 = 2 in 
(1.2). In Section 7 we prove Theorems 2.1-2.3. In Section 8 we prove the 
integration by parts formula for Dyson's models and complete the proof of 
Theorems 2.4 and 2.5. These theorems correspond to the cases d = 1 and 
/3 = 1, 2, 4 in (1.2). In the Appendix we give the definition of the determinantal 
kernels of the case d=l and (3 — 1,4:. 

2 Set up and main results 

Let S = W'' and S = {s = J2i^si ; s{K) < oo for all compact sets K c S}, 
where stands for the delta measure at a. We endow S with the vague topology, 
under which S is a Polish space. S is called the configuration space over S. We 
write s(x) = s({x}). Let 

S,.i. = {s e S ; s(a;) < 1 for all x e S, s{S) = oo}. (2.1) 

By definition, Ss.i. is the set of the configurations consisting of an infinite number 
of single point measures. 

For an infinite or finite product S'^ of S we define the map u from S'' to 
the set of measures on S by u{{sj)) = X]^=i ^sj- We omit k from the nota- 
tion. We consider the restriction of u on u"^(Ss.i.). Let Upath be the map from 
C([0,oo);S''=nu-i(Ss.i.)) to C([0,oo);Ss.i.) defined by 

fe 

Upath(X) = C^S-^jjoKtKoo, (2-2) 



where X = {{xi)j}. We set X = Upath(X). 
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A symmetric locally intcgrable function : S*" — > [0, oo) is called the n-point 
correlation function of a probability measure /it on S w.r.t. the Lebesgue measure 
if p" satisfies 

/ p^Xu...,Xr.)dx,---dXr.= [ f[ . .]^^'^\ ,. dfi (2.3) 

for any sequence of disjoint bounded measurable subsets Ai,. . . ,A„i C S and 
a sequence of natural numbers ki, . . . , km satisfying fci + • • • + km = n. It is 
known that under a mild condition {p"}„gN determine the measure n [19]. 

Let /igin be the probability measure on the configuration space over S* = 
whose n-point correlation function p^i^ w.r.t. the Lebesgue measure is given by 

/9gi„(a;i,...,a;„) = det[Kgin{xi,Xj)]i<ij<n, (2.4) 
where Kgin : x — )• C is the kernel defined by 

K^in{x,y) = TT-^e-^-^ • e^y. (2.5) 

Here we identify as C by the obvious correspondence: 3 .x = {xi,X2) i— >■ 
Xi + 1x2 € C, and y = yi — iy2 means the complex conjugate under this iden- 
tification, where i = ^/—T. It is known that /igin(Ss.i.) = 1- Moreover, /igin is 
translation and rotation invariant. /Ugin is called the Ginibre random point field. 

Theorem 2.1. There exists a set Sgin such that 

Mgin(Sgin) I7 ^gin ^ ^s.i.^ (^•^) 

and that, for all s G u^^(Sgin), there exists an {M.'^)^^ -valued continuous process 
X = (X*)jgN, and {M.'^Y'^ -valued Brownian motion B = {B'^)i^^ satisfying 

dXi = dBl + hm if* '5,2 ^^ e N), (2.7) 

Xo = s. (2.8) 
Moreover, X = (X')jgN satisfies 

P(Xt G u"^(Sgi„), < < 00) = 1, (2.9) 

P{ sup l^t'l < 00 for all u,ien) = l. (2.10) 
o<t<« 

One specific aspect of the ISDE (2.7) is that its solution satisfies the second 
ISDE. Such a phenomenon never occurs in Ruelle's class potentials. 

Theorem 2.2. The solution (X, B) in Theorem 2.1 satisfies 

dXl = dBl - Xldt + lim V ~ dt (« G N). (2.11) 
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To clarify the meaning of the ISDEs we define the measure fj.^^^ on 5 x S by 

xB)= f /igin,,(B)p^ (2.12) 



where /igin.a; = Mgin(' " <52:|s(a:;) > 1) is the Palm measure conditioned at x and 
Pgjjj is the 1-point correlation function of /igin- Let b, b:5 x S— J-K^ be such that 



b(:r,y)= lim ^ T^^^ (2-13) 

\x-yi\<r 

b(x,y) = lim — where y = . (2-14) 

We will see in Lemma 7.2 (3) that these two series converge in i'foc(A*gi„)- We 

remark that neither of the series converges absolutely and, as a result, b 7^ b. 
Let XJ* = X^j^j^jgN • Then (2.7) and (2.11) can be rewritten as follows: 

dX\ = dBi + b{Xl Xl*)dt {i e N), (2.15) 

dXi = dBi - Xidt + b{Xi, Xi*)dt {i e N). (2.16) 

A diffusion with state space Sq is a family of continuous stochastic processes 
with the strong Markov property starting from each point of the state space 5*0. 
So far, the unlabeled dynamics are known to be S-valued diffusions. We refine 
this as follows: 

Theorem 2.3. Let Pg be the distribution of the fully labeled dynamics X given 
by Theorem 2.1. Then {Ps}seu-i(Sgi„) is a diffusion with state space u^^(Sgin)- 

The second example is Dyson's model. Let 5 = M and let Hdys,fi (/3 = 1)2,4) 
be the probability measure on S whose n-point correlation function is given 

by 

p'^{xi,. . . ,Xn) = det[K/3(a;, - Xj)]i<ij<n. (2-17) 

Here we take K2{x) = sin(7r.T)/7ra;. The definition of for /3 = 1,4 is given in 
the Appendix. Wc use quaternions to denote the kernel for /3 = 1,4. The 
precise meaning of the determinant of (2.17) for /3 = 1,4 is given by (9.3). 

The kernel K2 is called the sine kernel. We remark that K2(t) = ^ /|fc|<,r '^^ 
and < K2 < Id as an operator on L^(R). 

Theorem 2.4. Let (3 = 1,2,4. Then there exists a set Sdys,/3 such that 

A^dys,;9(Sdys,/3) = 1, Sdys,,3 C Sg.i., (2-18) 



that, for all s G u ^(Sdys,/3)) there exists an B.^^ -valued continuous process 
X = (X*)jgN, and M^-valued Brownian motion B = (_B*)igN satisfying 

dXi = dBl + I hm Y. ^ ^j d* e N)' (2.19) 

2 r-s-cx. ^ XI - Xi 

\Xl-Xl\<T,j^i * * 

Xo = s. (2.20) 

Moreover, X satisfies 

P(u(Xt) e Sdys,/3, < Vi < oo) = 1. (2.21) 
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Theorem 2.5. Let Sdys,/3 = u "'^(Sdys,/?)- Let Pg be the distribution o/X given 
by Theorem 2.4- Then {Ps}seSdys/3 diffusion with state space Sdys,/3- 

To solve the infinite-dimensional SDEs above, we prepare a general theory. 
Let a : S X S^W^ and b : 5 x S ^ R"^ be measurable functions. Let a = crcr*. 
We assume for each {x,y) G S x S 

d 

0< Yl ^mn{x,y)U^n < ci\^\^ for ah ^ = S R^{0}. (2.22) 

m,n=l 

Here ci is a positive constant independent of (a;, y). For (X')igN we set XJ* = 
J2jjii,jeN ^x' before. Then the ISDEs we study are of the form: 

dXi = a{Xi,Xi*)dBi + h{Xi, Xf )rft (i e N). (2.23) 

Let a{x, (yj)j6N) be the function defined on 5 x S''^ being symmetric in {yj)jef^ 
for each x and satisfying (T{x,{yj)j^^) = o-{x,Y^j^^Sy^). We set b similarly. 
Then we can rewrite (2.23) as (2.24): 

dXl = aiXl{Xi),^,)dBl + hiXl,iXl)j^i)dt (*eN). (2.24) 

Let a = (JCT*. Write a = [3ki]i<k,i<d and b = {bk)i<k<d- Then intuitively the 
generator L of the diffusion given by (2.24) is 

1 52 <i ^ g 

^ = 2^ ^ +YY^kisi,{sj)j^i)-g — - (2.25) 

iefik.i=i ienk=i 

Here = {sn, Sid) gS = W'. 

Our strategy for solving ISDE (2.23) and (2.24) is to use a geometric property 
behind the ISDE (2.23). We first consider an invariant probability measure 
jji of the unlabeled dynamics associated with (2.23). Namely, we consider a 
probability measure jj, whose log derivative d** satisfies b(a:,y) = Va;a(a;,y) + 
a(a;. y)d'' (.7:, y). Here, to be more precise, d^ is the log derivative of the measure 
jjL^ given by (2.26), and the definition of d'^ is given by (2.32). 

Note that for a given pair (a, /x), b is uniquely determined. We construct the 
unlabeled diffusion associated with (a,/i) by using the Dirichlet space given by 
(a,/z) and prove that the labeled process consisting of each component of the 
unlabeled diffusion satisfies (2.23) and (2.24). 

If there were a Dirichlet space associated with the fully labeled diffusion 
X = (X*)j£jij, we could use the Ito formula for each component X* and X^X^ , 
and prove that X satisfies (2.25) since all coordinate functions x', x'^x^ G N) 
would be in the domain of the Dirichlet space locally. We emphasize that there 
exist no Dirichlet spaces associated with the fully labeled diffusion X. Instead 
we introduce an infinite sequence of Dirichlet spaces associated with the k- 
labclcd process {{{X^, . . . , X^, X]j>fc ^x' ))) ^'^''^ '^^^ fc = 0, 1, . . .. This sequence 
of fc-labeled processes has consistency and satisfies the ISDEs (2.23) and (2.24). 

Let be a probability measure on (S, B{S)). Let p'^ be the fc-point correlation 
function of /i w.r.t. the Lebesgue measure. Let /j.'^ be the measure on S'^ x S 
defined by 



/(AxB)= f /ix(B)/(x)dx. 

J A 



(2.26) 
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Here x = {xi, . . . ,Xk) G 5*' and dx = dxi ■ ■ ■ dx^. Moreover /Xx is the Palm 
measure conditioned at x = [xi, . . . ,Xk) defined by 

fc 

= m(- - ^ I s(x,) > 1 for i = 1, . . . , fc). (2.27) 

i=l 

We now introduce Dirichlet forms describing the fc-labclcd dynamics. For 
a subset A <z S we define the map tt^ : S — ^ S by 7rA(s) = s(^ fl •). We say a 
function /:S^]R is local if / is fT[7rA]-measurable for some compact set Ad S. 
We say / is smooth if / is smooth, where f{{si)) is the permutation invariant 
function in (sj) such that /(s) = f{{si)) for s = J2i^si- 

Let Vo be the set of all local, smooth functions on S with compact support. 
For f,geVo we set :S^K by 

mf,9]{s) = |E E ^rnnisuS*)^^. (2.28) 

Here s = ■ Ss^ , s* = J2j:^i ^sj , Si = {sn, Sid) G S*, and s = (si). For given 
/ and g inVo, it is easy to see that the right-hand side of (2.28) depends only 
on s. So D"[/,,9] is well defined. For f,g e Cg°{S'')(8Vo let V^'*[/,ff] be the 
function on 5*^ x S defined by 

V-'=[/,5](x,s) = E a™«(-.'E'5^. (2-29) 

j=l m,n=l l^j ■' 

where x = (xj) G S'' and xj = {xji,. . . , xjd) G S. We set D^'*^ for fc > 1 by 

©^■'=[/,5](x,s) = V^''=[/,5](x,s) + P^[/(x,.),5(x,-)](s). (2.30) 

Let (£:"'^ C^f (5''=) Po) be the bilinear form defined by 

£''Hf,9)= I W^^[f,9WK (2.31) 

JS'=xS 

When fc = 0, we take =W,ijP =ijl, and f^'" = £:^ We set L^{n) = L^{S, n) 
and L'^ifJ,'') = L'^{S'^ x S, fj,'') and so on. 

We assume that there exists a probability measure n on S with correlation 
functions {p'^jfceN satisfying (A.1)-(A.5): 
(A.l) p'^ is locally bounded for each fc G N. 
(A.2) There exists a d** = (d^)„=i,...,d G {Ll^^ifJ-^)}'^ such that 

/ d^fdfi^ = - [ W^fdij} for all / G C^{S) (g) Po- (2.32) 

Moreover, d'^ satisfies 

b = ^{V.ajd" + iad^ bGiL(M'). (2.33) 

Here V^f = (^g^)m=i,...,<i and Va;a = [^^^jg^]m,n=i,...,d, where a; = (x^). 
(A.3) (£:"'^ C^(i*^) (g Po) is closable on L'^iijF) for each fc G {0} U N. 
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(A.4) Cap^({S,,.}=) =0. 

(A. 5) There exists a T > such that for each R> 



Uminf ({ / p\x)dx}{ [ e-^'/^du}) = 0. (2.34) 

J\x\<r+R J , " 



Let (£"'^2?='''=) betheclosureof (£'='' ^ (7(^(5*^ )®X>o) onL'^iij''). It is known 
[14, Lemma 2.3] that [E^^^ ^T)^'^) is quasi-regular and that the associated diffu- 
sion (P'^jX'^) exists. These diffusions have consistency in the sense of (3.6) and 
(3.7) (see [14]). We remark that Cap** in (A.4) is the capacity of the Dirichlet 
space (f^'",©^'", L^(/x)). Wc call d'^ the log derivative of /z. 

The assumptions (A.4) and (A. 5) have clear dynamical interpretations. In- 
deed, (A.4) means that particles never collide each other. Moreover, (A. 5) means 
that each labeled particle never explodes [14] . 

Theorem 2.6. Assume (A.1)-(A.5). Then there exists an So such that 

/i(So) = l, SoCSs.i., (2.35) 

and that, for all s G u~^(So), there exists an S^-valued continuous process 
X = (X*)j£Nj o,nd {W^)^ -valued Brownian motion B = (S')igN satisfying 

dXl = a{Xl,Xl*)dBl + b{Xl,Xndt (z S N), (2.36) 
Xo = s. (2.37) 

Moreover, X satisfies 

P(u(Xt) e So, < < oo) = 1. (2.38) 

Remark 2.1. Let (P\Xi) be the diffusion associated with (f^'i, 7?=^\ L2(^1))_ 
Let A'^ = {Nf} be the additive functional defined by Nf = /J b{Xl_)du. The 
assumption b € -^k)c(/^^) (2.33) is used to ensure that A'' = {A^*} is a con- 
tinuous additive functional locally of zero energy in the sense of [2], and that 
N = {Nt} possesses an increasing sequence of open sets {On} in 5 x S such 
that Cap^\u„0^) = and that 

linii/' ElJNt]ip{x,y)di^'=f b{x,y)ip{x,y)dp,' (2.39) 

for any (p G T)^'^ such that (p = on O^. Here Ej^ denotes the expectation 
w.r.t. the diffusion measure starting at (a;, y). Indeed, the property b e Lf^Jp^) 
is used only for this. So we can relax the assumption that b G -^foc(/''^)- This 
fact will be used for Dyson's model with (3 = 1 because b € -^foc(A*^) 
1 < p < 2, but b ^ ifoc(M^) in this case. 

Theorem 2.7. Let So be the subset of defined by So = u~^(So). Let Pg be 
the distribution o/X given by Theorem 2.6. Then {PsjseSo diffusion with 
state space Sq. 

Remark 2.2. (1) There exist no Dirichlet spaces associated with the fully labeled 
diffusion {PsjseSo because the diffusion {PsjseSo ti&s no invariant measures. 
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Hence Theorem 2.7 docs not follow directly from the Dirichlet form theory. 
(2) The solutions obtained in [3], [6], [7], [17], [21] for Ruelle's class interaction 
potentials are strong solutions in the sense that they are functionals of given 
Brownian motions. The strong Markov property of the solutions was however 
not proved in these works except [3] . It is an interesting open problem to prove 
that the solutions in Theorems 2.1 and 2.4 are strong solutions. 

Example 2.1. Let \1/ be a Ruelle's class potential, smooth outside the origin. 
Then the associated translation invariant grand canonical Gibbs measures con- 
structed in [16] satisfy (A.l) (A. 3) and (A. 5). (A.4) is satisfied if > 2, or 
d = 1 with $ sufficiently repulsive at the origin [4]. More concrete examples 
are: 

(1) Let $6,12(2^) = C2{|a;|~"'^^ — where = 3 and C2 > is a constant. 

^"6,12 is called the Lennard- Jones 6-12 potential. The corresponding ISDE is: 



(2) Let a> d and set ^a{x) = {c3/a)\x\ °, where C3 > 0. Then the correspond- 
ing ISDE is: 



At first glance the ISDE (2.40) resembles (1.2) because (1.2) corresponds to the 
case a = in (2.40). The sums in the drift terms however converge absolutely, 
unlike in (1.2). We emphasize that the structures of the dynamics given by the 
solutions of (2.40) and (1.2) are completely different from each other. 



In this section we prove Theorems 2.6 and 2.7. We assume (A.1)-(A.5) through- 
out this section. Let (£"'^ X>='''=) be the closure of (f C^(V)®I?o) on ^^(^fe). 
We set X*^ = (A:^ X) G C([0, cx)); 5"= x S). 

Lemma 3.1. Assume (A.l) and (A. 3). Then the following holds: 

(1) {£^''^ is a quasi-regular Dirichlet form on L^(/x'^). 

(2) There exists a diffusion = ({P(^3, s)}(x,s)eS'^xSi X*^) associated with the 
Dirichlet space {£^^'',V^^'',L'^{iJ,'')). 

Proof. (1) follows from Lemma 2.3 in [14]. (2) follows from (1) and Dirichlet 
form theory. □ 

Let [:Ss.i. be a measurable map such that uo 1 is the identity map. We 

represent this map by l{s) = (si, . . . , ), where s = Ss^- The map I means 

the label of the originally unlabeled particle s and is called a label. So there are 
infinitely many labels [ satisfying the above mentioned condition. Moreover, it 
is easy to see that u~^(Ss.i.) = U[[(Ss.i.), where the union is taken over all labels. 





(2.40) 



3 Proof of Theorems 2.6 and 2.7. 
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Let Sg j be the subset of S**^ x S defined by ; = u "^(Ss.i.). For a given 
label ( as above let Ik : Sg.i. — >■ ; be the map defined by 

OO OO 

i=l i=k+l 

Note that u o 1^. is the identity map. 

One can extend 1 naturally as the map from C([0, oo); Ss.i.) to C([0, oo); S^). 
Indeed, for a path X — {Xt} e C([0, oo); Sg.i.), there exists a unique {{XI)} £ 
C([0,oo);S''^) such that (X^) = l(Xo) and that Ei^x| = X* for all t e [0,oo). 
We write this map as [path(X) = {{XI)}. We set lfe,path : C([0, oo); Sg.i.) 
C([0, oo); Sg J ) similarly as (path for > 1. 

We write Ps = Pj, where Pj is given by Lemma 3.1. 

Lemma 3.2. Assume (A.1)-(A.5). Then there exists a set S satisfying 



ScS,.i., (3.2) 

Cap^(S'=)=0, (3.3) 

Ps(Xt e S for all t) = 1 for all s G S, (3.4) 

Ps( sup \Xl\ < 00 for all u,i€N) = 1 for all s e S. (3.5) 
o<t<« 

Here Xt = J2ieN ^x* ■ Moreover, for all k gN and any label I 

P% = Puis-) ° Ifc.path G ^k{S), (3.6) 

Ps = Pt(s)°%ath for all 5 gS. (3.7) 
Proof. This lemma is immediate from Theorems 2.4 and 2.5 in [14]. □ 



For s G u ^(S) such that u(s) = s let Pg = Ps o l^^^^, where I is a label such 
that [(s) = s. Let 

C{[Q, oo); Ss.i.)s = {X G C([0, oo); S^.i.); Xq = s}. 

We remark that tpath|c([o,oo);S,.i.)s = [patiilc([o,oo);S,.i.)s any labels [ and [ 
satisfying I(s) = ((s) = s, and that u~^(S) = U(l(Ss.i.). Hence Pg is well defined. 

Lemma 3.3. {Ps}sgii-i(s) *s a diffusion with state space u~^(S). 

Proof. We recall that {Psljgs is a diffusion with state space S by Lemma 3.1 
and Lemma 3.2. Since Ps(fpath(C([0, oo); Sg.ijs)) = 1 and 

tpath|c([0,oo);Ss.i.)s = Wh|c([0,oo);Ss.i.)s 

for any labels [ and I satisfying ((s) = ((s) = s, we deduce that Pg depends only 
on Ps and the value of the label [ at s. Hence the strong Markov property follows 
from that of {Ps}- The continuity of the sample paths is clear by construction. 

□ 

Let a = [amn] and b be as in (2.22) and (2.23), respectively. 
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Lemma 3.4. Let = Xl -X^- /J b(X;, Xjf Then there exists a Sq C S 

satisfying Cap^(S\So) = such that, for each s e u~^(So), the collection of 
the processes {M'jjgpj under Pj is a sequence of d- dimensional continuous local 
martingales such that 

{M\M^)t = (z^j), {M\M%= (\{XlX:)du. (3.8) 

Jo 

Proof. For a diffusion process (P, {Xt}) with state space S and a continuous 
function / on S wc write A}-^^ ~ fi^t) — fi^o)- Then A^f^ becomes an additive 
functional (AF). An AF of this type is called a Dirichlet process. It is worthwhile 
to note that one can apply the Fukushima decomposition for Dirichlet processes 
if / is locally in the domain of the Dirichlet form associated with the diffusion. 
We note that ^1^1 is defined as a[^'^ = f{Xt) - f{Xo), where / IS a quasi- 
continuous version of / if / is not necessary continuous but is in the domain of 
Dirichlet spaces. 

The process XI — Xq is an AF of the unlabeled diffusion (P,X). However, 
XI — Xq is not a Dirichlet process of (P,X). Indeed, we can not identify the 
position of the ith particle without tracing all of the trajectory of the unlabeled 
process X = {X„} until u < t. On the other hand, one can regard XI — Xq as 
a Dirichlet process of the labeled process (P, X) since the coordinate function 
X* is a function of the state space 5^ of (P,X). However, there is no Dirichlet 
form associated with the labeled process (P,X). Taking these into account, 
we consider the fc-labeled process {{X^, . . . , X^, J2'iZk+i ^x^))- Here k is taken 
such that i,j < k. Wc note that the A;-labeled process is associated with the 
Dirichlet space (£:"'^ P^''^, L2(/z'=)). 

Applying [2, Theorem 5.5.1] to the function a;* = (g) 1 e R*^ and taking 
Lemma 3.2 into account we deduce that there exists a set Sq C S satisfying 
Cap''(S\Sg) = and, for each s G S§, the d-dimensional AF ^I^'l = {XI - X'q} 
can be decomposed under Pf^(s) as 

Al^i =M[^'1 +Ar[^'l. (3.9) 

Here MI^ I is a martingale AF (MAF), locally of finite energy, and A^^I^'I is a 
continuous AF (CAF) locally of zero energy. By a straightforward calculation 
we deduce that for any ip G Cg^{S'') (g) Vo 

-£''\x\ip)= [ b(a;\V5,<+y)^(x,y)d/. (3.10) 

Here x = (a;\ . . . , a;*^) G 5^=. By b G ^^(m^) we see that h{x\ Y^l^i + y) e 
-^k)c(/"'^)- by [2i Theorem 5.2.4] together with localization, we deduce that 

k oo 

7Vfl= / b{XlY.^xi+ E ^k)"^^- (3-11) 

"'O l^i l=k+l 

Hence Afl^'l = ^[="'1 - A^I^'l = under Pf , This, combined with the relation 
(M*, Pfj, (s)) = {M\ Ps) given by Lemma 3.2, yields that {M\ Ps) is a continuous 
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local martingale. As for the quadratic variation of M', we note that 

[^3mn{x\T,lTti^x'+y) = j) 

Here = G R'^. Since 

2B^'''{xlxif,xlxi] - B^'^iixlxifj] = D^''=K,<] / (3.13) 

and £^''=(/,5) = jB'''''[f,g]diJ.'', we deduce (3.8) from (3.12) and [2, Theorem 
5.2.3]. 

Let So = n^iSg. Then by (3.3) and Cap^(S\Sg) = (VA;) we deduce that 
Cap''(S\So) = 0. Hence So satisfies the requirement of Lemma 3.4. □ 

Proof of Theorem 2.6. For s e u~^(So) let Pg as in Lemma 3.4. Let B = (i?*)ieN 
be defined by 

Bi = f a-\Xl,Xl*)dMl (3.14) 
Jo 

Then are d-dimensional continuous local martingales. By (3.8) and (3.14) 

wc deduce that [{B\ B^)t]t,jeN = tE. Here E is the unit matrix on (R'')^. 
We deduce that {B'jjgN are independent copies of d-dimensional Brownian 
motions. Hence (X, B) under Pg is a solution of (2.36) and (2.37). (2.9) follows 
from Cap^(S\So) = 0. The last statement follows from Lemma 3.2, Lemma 3.3 

and Cap^(S\So) = 0. □ 

Proof of Theorem 2.7. By Lemma 3.3 we see that {Ps}sgu-i(s) ^ diffusion with 
state space u^^(S). By Lemma 3.4 the set Sq satisfies So C S and Cap^(S\So) = 
0. Hence we deduce that Ps(Xt e u~^(So) for all t) = 1 for each s e u~-^(So). 
So we conclude that {Ps}seu-i(So) ^ diffusion with state space u~^(So). □ 



4 Log derivative of random point fields. 

Let /It be a probability measure on S with locally bounded n-point correlation 
function p" for each n € N. Let /i^ be the measure defined by (2.26) with 
A; = 1. In this section we present a sufficient condition for the existence of 
the log derivative d** in ifo(,(A*^) ^'^^^ 1 < p (Theorem 4.3) and its explicit 
representation (Theorem 4.5). We shall apply these to the Ginibre random 
point field and Dyson's model in the subsequent sections. 

We set 5*^ = {a; e 5; |s| < r}. Let {/^^} be a sequence of probability 
measures on S. We assume that their n-point correlation functions {p^'"} 
satisfy for each r e N 

lim p^'"(x) =/9"(x) uniformly on 5;?, (4.1) 

AT— s-cx) 

sup sup p^'"(x) < C4"n^'>", (4.2) 
where < Ciir) < oo and < C5(r) < 1 are constants independent of n G N. 
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Let cr^'" be the n-density function of p. on Sr, where r e N U {oo}. Then 
'"(x) = ^ i-j- / p^-"+"(x,y)dy. (4.3) 

m=0 "^r 

Let a" be the n-density function of /j. on Sr- Then the same equaUty as (4.3) 
holds. By (4.1)-(4.3) we deduce for each r e N that 

Um (T^'"(x) = a^{x) uniformly on for all n e N. (4.4) 

JV— )-cx> 

We remark that (4.2) and (4.4) imply {ij,'^}ngn converge weakly to /z. 

Let /x^ be the Palm measure conditioned at x as before. Let p^'" (resp. 
^x^r") be the n-point correlation (resp. density) function of fi^ . Let fj.^'^ be the 
measure defined by (2.26) with n = 1. Then we deduce that 



n=0 

//dM^'i = f^l/ /„(a;,y)p^'i(a;X'"(y)da;dy. (4.6) 

Here / S C^{S)(^'Do and /(x, •) is a[7r5'^]-measurable for each x & S. Moreover, 
fn{x,y) is the function on S* x 5" being symmetric in y = (j/i , . . . , t/„) for 
each X and /(x,y) = .fn(a;,y) when y{Sr) = n and y = J2^^iSy^. We set 
dy = dyi ■ ■ ■ dyn ■ It is easy to see that 

pf'"(y)=P^''+"(a:,y)/p^'^(x), p:iy)=p'+-{x,y)/p'{x). (4.7) 

Here is the n-point correlation function of px- 

Lemma 4.1. Let a" ,, be the n-density function of on Sr- Then for all n, r, s 
lim p^'\x)a^'r\siy) = P\x)a2^r+siy) uniformly on Sr x 5;?+,, (4.8) 
Km [ fdp^'^ ^ [ fdp^ for any f eCoiS xS), (4.9) 



N- 



lim limsupAt ' ({(a;,y) € SrxS; y{Sr+s) > n}) = 0, (4.10) 
lim p\{{x,y) e Sr x5;y{Sr+s) > n}) = 0. (4.11) 

Proof Combining (4.1), (4.2), (4.5), and (4.7) implies (4.8). (4.9) follows from 
(4.6) and (4.8). (4.10) and (4.11) are clear by (4.1), (4.7), and the assumption 

that p" are locally bounded. □ 

Let B{Sr) be the Borel cr-ficld of Sr- We regard B{Sr) as a subset oiB{S) in 
an obvious manner and denote it by the same symbol B{Sr)- Let Ws'-S x 
S xS such that vjs{x,y) = {x,J2\x-yi\<s^yi)^ where y = J2i^vi- Let 

Tr,s = {B{Sr)xB{S)}na[ws]- 

Set ce{r,N) = /i^'^(6'r x S). Then by (4.2) sup^^ ce{r,N) < oo for each r e N. 

Without loss of generality, we can assume that cg > for all r,N. So let p^'^ 
be the probability measure defined by Pr'^i') — <^ Sr x 5)/cq- 
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We assume that each /i^ has a log derivative = d^(x,y) such that 
_ yjv g Lf^^{iJ,^'^) for some 1 < p < oo, where = u^{x) is a distribution 

on S. We note that is supposed to be independent of y e S. Let e 

Kc(m^'^) be such that for all r e N 

Is.df = E^"''[d^-u^|J-,,,] fora.s. /z^'i (4.12) 

= E^"''[d^|J-,,,] - Is^u^ for a.s. /i^i. 

Then {Is^df^jsgN is a {Jv,s}-martingale w.r.t. p.^'^ for each r. We remark that 
the second equality in (4.12) comes from the fact that is independent of y. 

Lemma 4.2. Let 1 < p < p < oo. Assume (4.1) and (4.2). Assume that 

C7:=limsup/ |d^ - w^lPd/x^'^ < oo forallreN, (4.13) 

w/iere C7(r) depends only on r. Assume that there exists a urS'^M'^ satisfying 

lim u'^=u in Lf^^{S,dx). (4.14) 

Then there exists a subsequence o/ {{d^lseNlw; denoted by the same symbol, 
with limit {d^jseN satisfying the following: For all s & N and Tr,s-''neasurable 

I dsfdii^ = lim / df<^(i/i^'\ (4.15) 
I \dsfdn' <\immi [ |df |f d/z^'i < c?/V(-5r X S)(P-f)/^. (4.16) 

Moreover, d := lima_>oo dg converges in L^^^{n^) and -almost everywhere. 

Proof By (4.12) we see that jg^^^ |df < /^^^g - M^l^dM^'^ Hence 

by (4.13) we deduce that 

lim sup sup / |df l^d/i^'i < C7 for each r. (4.17) 

For {x, y) & Sr y- S we write y = J2i ^vi y = (j/i). We set 

Sf = {{x,y) GSrXS; p^'^(a;)<;7,(y) < a*, y(5.+,) = m} (4.18) 

and S^^ similarly as Sf^'" by replacing p^'^{x)a^'J\_g{y) by p^(a;)cr™^^^(y). Here 
{a«}teN is an increasing sequence of positive numbers such that limt^oo at = oo 
and that for each m, r, s,t,€:N 

IJ,\{ix,y) e Sr X S; pi(a;X,+,(y) = aj) = 0. (4.19) 
We set Tf'" = U:=i Sf and = {Jl^.S^. By (4.8), (4.17), (4.18), and 
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the fact that Is^d^ are B{Sr) x cr[7rs^_^J-measurable we see that 

< Km { sup sup l^"'^(^)<^+.-(y) - P'i-)<rM\ }e^/p^iv,i(g^ , s)(.-.)/. 



= 0. (4.21) 
By applying the Holder inequality to \d^\^ and by using (4.17) we have 

|df rd/x^'i < c?/V'^''(^r X S\Tf^")(J^-f)/^ (4.22) 



SrXSVTf'" 



By (4.8), (4.10), (4.19), and limt^oo a* = oo we deduce that 



lim lim limsupAt^'^(S'^ x S\Tf'") < lim Urn ii'^{Sr x S\T") = 0. (4.23) 

Combining (4.22) and (4.23) we obtain 

Km lim Urn sup / |df = 0. (4.24) 

By (4.17), (4.20), and (4.24) we obtain 

Km Km lim sup / |df Pd/x^ < ^J'^fi^Sr x S)*^-^)/^. (4.25) 

By (4.25) wc can choose a subsequence of {d^}, denoted by the same symbol, 
such that {lyiv.nd^jjveN converge weakly in LP{Sr x S,/U^) to d*'" for each 
s,t,n e N. We can take the subsequence in such a way that the limit points 
{d*'"} satisfy 

lynd*'" = ly^d*'-"' for any n < n' and t < t' . 

Hence we can rewrite the limit points as d^'" — iTj^dg for any s,t,n E N. By 
construction lim„^oo hmt_>.oo d*'" = dg /z^-a.s.. Then by Fatou's lemma and 
(4.25) we obtain the first inequality in (4.16). The second one is immediate 
from the Holder inequality. 

By (4.8) with the cut off argument similar to (4.20)-(4.25) and the fact that 
Ig^d^ ip are B{Sr) x (T[7r5^^ J-measurable we obtain (4.15). 

Let p},. = /ii(- n 5r x S)/c8, where cs = iJL^{Sr x S). By (4.12) and (4.15) we 
deduce that {ls,,ds}sgN is a martingale w.r.t. p,]. for each r G N. Then the last 
claim follows from the martingale convergence theorems and (4.16). □ 

Theorem 4.3. Assume the same conditions as in Lemma 4-2. Let d be as in 
Lemma ^.2. Then the log derivative of fi exists in Lf^^{fi^) and is given by 
d^ = w + d. 
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By taking = u = in Theorem 4.3 we see the following: 
Corollary 4.4. Let 1 < p < p < oo. Assume (4.1) and (4.2). Suppose 

limsup / |d^|Pd/x^'i < oo for all tGN. (4.26) 
Then the log derivative of exists in L\^^{^^). 

Proof. Let G Cq°{S) (8) X>o- Assume, without loss of generality, that ip is 
J>^s-mcasurable and (p{x, y) = for a; ^ Sr for some r and s € N. 

By (4.9) in Lemma 4.1 we see that jW^pdfj} = limAr_>.oo / Vipdfj,^'^. By 
definition, we have — JVifid^^'^ = J d^(fidn^'^. Hence we deduce that 



- j V(/? V = j d^ipdij,^ 

= lim /{u^ + df}(^rfM^'i by (4.12) 

= j {u+~ds}^di/ by (4.14), (4.15) 

= J{u + d}ip dfi^ by Lemma 4.2, 

which completes the proof. □ 
Let g, g^, v, v^ : S"^ and w.S^W^ be measurable functions. We set 

gs{x,y)= v{x,y)dy+ ^ g{x,yi), (4.27) 

gf(2^.y)=/ v^(x,y)dy+ ^ g^{x,yi), 

■'\^-y\<^ \x-y,\<s 

Ws{x,y)= v^{x,y)dy+ ^ g^{x,yi), 



where y = X^i ^y;- We assume that 

d^(x,y) =u-'^(.x)+gf(,x,y)+w;f(x,y), (4.28) 
lim gf = g, in Li^{^l') for all s, (4.29) 

lim limsup / \w^{x,y) - u;(x)|PrfM^'^ =0, wG Lf(S,dx). (4.30) 

s-s-oo ;v->oo Js^xS 

Theorem 4.5. Lei 1 < p < p < oo. Assume (4.1), (4.2), and (4.14). Assume 
(4.28)-(4.30). Then the log derivative d^ exists in Li^^{^^) and is given by 

d^(x,y) = ■u(x) + lim gs(a;,y) + ^(a;). (4-31) 
The convergence limgg takes place in Lf^^{fi^). 

Proof By (4.27) and (4.28) we see that d^ - = gf + wf . Then (4.13) 
follows from (4.29) and (4.30). So all the assumptions in Lemma 4.2 are satisfied. 
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Hence wc set d, and ds as in Lemma 4.2. By Theorem 4.3 the log derivative 
d'^ = u + d exists in Lf^^di^). We will prove that d = lims_>.oo gs + w. 
Let and wf^ be functions such that for all r 

Is^w^ = Is.E'^"'^ [w^\J'r,s], Is.wZ = Is.E'^"'^ Kl^.,.]. (4.32) 

Then {Ig^ui^lsgN is a martingale w.r.t. 'pJ^.'-^ for all r. By the second equality 
in (4.32) combined with (4.12) and d^ = + + we obtain 

df-gf-«; = «),^-«;. (4.33) 

By Lemma 4.2 we see that {d^}Ar converge weakly to d^ in l^^J^[ji}^^. Hence 
we deduce that 

/ Ids-gs-wlP^ < liminf / Idf-gs-wl^V- (4-34) 
By the cut off argument similar to (4.20)-(4.25) we deduce that 

limsup / Idf-gs-wl^'V (4-35) 

< lim lim limsup / — gs — wl^dfi^'^ 

< limsup / |df - g, - wfdii^'^ by Tf C 5^ x S 
= limsup / |df - gf - wfdn^''^ by (4.29) 

= limsup / \wZ - wfdii^'^ by (4.33). 

N^OO JSrXS 

By (4.30) and (4.32) together with the assumption that w = 'w{x) is independent 
of y we easily see that 

lim limsup / - u;|f rf/x^'^ = 0. (4.36) 

S^OO JV^-CX) JSrXS 

Putting (4.34), (4.35) and (4.36) together we obtain 

lim / |d, - g, - rf/x' = 0. 

This combined with d'' = m + d = m + lim,, ds implies (4.31). Because the 
convergence of limd^ takes place in Lf^c{ij,^), so does the convergence of limgg. 

□ 

5 Sufficient conditions for (4.30) 

The purpose of this section is to give sufficient conditions for gg e Lf^^{iJ,^) and 
(4.30) in terms of correlation functions. 
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Lemma 5.1. Let gs{x, y) = Is, {x - y)g{x, y). Then gg e Lf^^il^ ) follows from 

hi .(«.„)*|V(xM.+ / rilV(., (5.1) 

JSr J\x-y\<s JSrXS 

+ / gs{x, y) ■ gs{x, z)p^{x, y, z)dxdydz < oo for all r e N. 
Here ■ denotes the standard inner product o/M*^. 

Proof By definition gs(x,y) =J\^_yi^,v{x,y)dy + Y,^^_y^^^^g{x,yi). By d/x^ = 
p^{x)nxdx, (4.7), and a simple calculation of correlation functions we see that 



/ I E 9MW=[ E^^[\ E 9{x,yiW{x)dx 

-fSr-xS |^_j^^|<, JSr- \x-y,\<s 

= { 9s{x,y) ■ gs{x,z)pl{y,z)dydz+ \gs{x,y)\^pl{y)dy}p^{x)dx 
= gsix,y) ■ gs{x,z)p^{x,y,z)dxdydz+ \gs{x,y)\'^p'^{x,y)dxdy. 



Hence (5.1) implies gg e Lf^^{ij,^). 



□ 



Let ■w^{x,y) be as in (4.27). Let /i^ and p^ be as in Section 4 with n-point 
correlation functions p^'" and p^'"", respectively. 



Lemma 5.2. (4.30) with p = 2 follows from, the following: 



E''^K(x,y)]-E'^ [w':{x,y)] 



Var''«[ti;f(a;,y)]-Var'' K{x,y)] 



lim limsup sup 

s^oo iv->cx) x6Sr 

lim lim sup sup 

s->oo AT^oo aiGSr 

lim limsup sup 

S^OO JV-S-CX) xeSr 

lim limsup sup Var** [w^{x,y)] = 0. 

s^-cx) ]V-)-oo xeS^ 



= 0, 



E'^"K(^.y)]-^«(^) 



= 0, 



(5.2) 
(5.3) 
(5.4) 
(5.5) 



Proof By (2.26) we have 



/ \w^{x,y)\'dp^''= [ E>^^[\w:{x,y)\^]p^'\x)dx 

JSrXS JSr 

= [ {IE''" K{x,y)]\^ + Var''"K^(a;,y)]} p'^^Hx) dx. 



(5.6) 



By (4.2) we see that {p^'^} at is uniformly bounded. So (4.30) with p = 2 follows 
from (5.2)-(5.6). □ 



We give a sufficient condition of (5.2)-(5.5) in terms of correlation functions. 
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Lemma 5.3. We set S^^ = {y G S; s < \x - y\ < oo} . Then (5.2)-(5.5) follow 
from (5.7)-(5.10). 

lim limsup sup | / g'' {x,y){p^'\y) - p'''\y)}dy\ = 0, (5.7) 

s->oo Tv-i-oo xeS^ JSf^ 

lim limsup sup | / {x,y)\'^{p^^'^{y) - p^'^{y)}dy 

s^oo jv^-cx) xeSr Js^^ 

- [ y) ■ g'^ix, z){p^'\y, z) - p'^'^y, z))dydz\ = 0, (5.8) 

lim limsup sup I / {v^ {x,y) + g^ {x,y)p'^''^{y)}dy - w{x)\ = (5.9) 

s^-oo jV->-oo x6Sr JSf^ 

lim limsup sup | / \g'' {x,y)\^ p''^\y)dy (5.10) 

S^OO JV^-OO X^Sr JS^^ 

- I 5^ (a;, y) ■ 5^ (a;, z)p'''\y, z)dydz\ = 0. 

Proof. This lemma is clear from the standard calculation of correlation functions 

combined with (4.27). □ 



6 Log derivative of the Ginibre random point 
field. 

In this section we calculate the log derivative d^^in of the Ginibre random point 
field yUgin- Let be the probability measure on S whose n-point correlation 
function p^^" is given by 



P^ini^n) = det[K^„(a;i,a;j)]i<jj<„. (6.1) 
Here x„ = (xi, . . . , Xn) and K^^^ is the kernel defined by 

y) = ie-^\^\'^\y\'y\j: ^^}. (6.2) 

We easily see that 

\K^^{x,y)\<-e-\\^\-\y\\/\ (6.3) 



TT 



By (6.1) and (6.2) the 1-point correlation function p^^^ is given by 
Moreover, it holds that p^;" = if n > A/' + 1, and that for 2 < n < N 

-l n— 1 _j n 

P^n^i^n) = ^{11 ^}e-^-l-l^ni-' --.l^- (6-5) 

k=0 i<j 
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Note that /x^„({s(S') = N}) = 1. So by (6.5) with n = N we deduce that 

N-l , . N-1 

d-£=(.,y)=-2.+ ^^^ (y=E'5-)- (6-6) 
1=1 ' ' j=i 

Let /igijj be the measure defined by (2.26) for /Xgin. 

Theorem 6.1. The log derivative d***'" e ^['^^(/igijj) ea;«sfs for any 1 < p < 2 
and is given by 

d-(.,y)=lhn E (y = E^.J- (6-7) 

The convergence of the series in the right-hand side takes place in L^^^{fi^^^). 

To prove Theorem 6.1 wc use Theorem 4.5. So we check all the conditions 
in Theorem 4.5. For this purpose wc first prepare several lemmas. 

Lemma 6.2. (4.1) and (4.2) hold. (4.14), (4.28), and (4.29) hold by taking 

u'^ {x) = u{x) = —2.x, v^{x,y) = v{x,y) = 0, w{x) = 2x, 

g^{x, y) = g{x, y) = 2{x - y)l\x - yp, p = 2. 

Proof. (4.1) follows immediately from (2.4), (2.5), (6.1), and (6.2). Let Vi be the 
norm of the ith row vector of the matrix [K^jj(a;i, a;j)]i<ij<„. Then by (6.3) we 
deduce that Vi < y/n/ir. So wc deduce from (6.1) that p^n"(x„) < HiLi ^ 
(v^/tt)", which implies (4.2). (4.14), (4.28), and (4.29) are trivial. □ 

By Lemma 6.2 it only remains to prove (4.30) with p = 2 for Theorem 6.1. 
By the argument in Section 5 we see that (4.30) follows from (5.2)-(5.5), which 
we will check below. 

It is known that the Palm measure conditioned at x of determinantal random 
point fields with kernel K is again a determinantal random point field with 
kernel K^{y,z) = K{y,z) - {K{y,x)K{x, z)/K{x,x)} (sec [18, Theorem 1.7]). 
Applying this to fi^-'^^ we deduce that the kernel ^gin,x Palm measure 

l^gin,x is then given by 

Kgin,x(2/> Z) - Kgin(2/, Z) i^iV (^^ ' ^^-^i 

Let cg = (l/7r)sup^gs^e5l^l'. Then by (6.2), (6.3) and (6.8) we deduce that 

|K- ,.(?/,.) - Kg^(,,.)| = | ^"n(^^x)Kff (o:,.) ^ ^ c,e-^\y\'^l^l'y\ (6.9) 
Lemma 6.3. (5.2) and (5.3) hold. 

Proof. Since /i^jj and /x^jj .j, are determinantal random point fields with kernels 
K^jj and K^^^^ respectively, their 1-point correlation functions p^^^ and 
are given by p^i^{y) = K^„(y, j/) and p^in,x(y) = ^gin,xiy^y)- Moreover, 

Pginiy^z) = K^^(y,2y)K^„(z,z) - K^„(y,z)K^^(z,y), 
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Is, 



Hence (5.7) and (5.8) follow from (6.9) and g^{x,y) = 2{x — y)/\x — which 
implies (5.2) and (5.3). □ 

Lemma 6.4. Set Ssoo = {s < \y\ < oo}. Suppose r < s. Then 

y^P^iniy)dy = forxGSr. (6.10) 

Proof. We regard x,y G M.'^ as x,y G C and ^ denotes the complex conjugate. 
Then {x - y)/\x - y\^ = l/(x - y). Recall that p^r^iy) = p^^\\y\). Then 

oo „ m+1 

m=0 "'•Saoo \yi 

which implies (6.10). Here we used 1/y = and (6.4) for the last line. □ 

Let S^^ = {s < |a; - y| < oo}. Note that Ssoo = S^^. We set 

Lemma 6.5. (5.4) holds with w{x) = 2x. 

Proof. By (4.27), v^{x,y) = 0, and g^{x,y) = 2{x - y)/\x - yp, we have 

E-"[«;f(x,y)] = / fc|p^^;^(y)dy (6.12) 



f 2(x-y) Ni f 2{x-y) n,i, 

I 



Tx \X - y|2 TT Jux \X - y|2 TT 

uniformly in x E Sr &s N ^ oo. We used here (6.10) and (6.11) for the second 
line, and (6.4) for the third one. By a direct calculation we obtain 

hmsupl-/ ?^t^idy+ [ ^^t^idy -2x\=0. (6.13) 

Combining (6.12) and (6.13) we obtain (5.4). □ 
Lemma 6.6. Let h^s be the function on S x S defined by 

Ks{x,y)= Yl ^T^rk-y^ll, (6.14) 

r<\x-yi\<s ' 

where [•] is the minimal integer greater than or equal to ■ and y = J2i ^Vi ■ Then 

N 

sup sup Var''sm[h^g(a;, y)] = 0(s) for each r > 0. (6.15) 

Nen-xeSr- 

Here f{s) = 0{s) means limsupg_j.go \f{s)\/s < oo. 
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Proof. Let Srs = Ss\Sr. Let hrs{z) = ls^^{z)2z\\z\']/\z\'^. Then hr3(x,y) = 
J2i^rs{x — Ui) by (6.14). By a standard calculation of determinantal random 
point fields, we deduce that 

Var'^£n[h„(a;,y)] = - / {hrs{x-y),hrs{x-z))m.2\\<^^^{y,z)\^dydz (6.16) 
Js^rs 

+ 1 \hrs{x-y)\^K^^{y,y)dy. 



We set = {r <\x — y\ < s}. By a direct calculation we have 

^Sf^nsAy)\hrs{x -y)- hrs{-y)\/2 (6.17) 

=ls-,n5',, (y) 



=lsiJ,nSr3 (y) 



<ciols-,ns„ (y)/|2/|- 
Here cio = cio(' ) is the finite constant defined by 



cio 



sup 



Let cii = niax{2cio + 2(r + l)/r}. Then by |/irs(z)| < ls^,{z) ■ 2(r + l)/r and 
(6.17), we deduce that for all x G Sr and y G S 

\hrsix - y) - hrs{-y)\ < cnl^^^^^j^p^ + ls»^\s,,(y) + Is.A^?, (?/)}• (6-18) 
By (6.3), (6.16), and (6.18) we easily deduce that 

sup sup |Var'*£"[h^s(a;,y)] - Var''£"[h^^(0,y)]| = 0{s). (6.19) 

NeNxes,. 

By applying [13, Lemma 9.2] to hrs(0,y) we have 

supVar'^£n[h^,(0,y)] =0(s). 
iveN 



(6.20) 



Hence (6.15) follows immediately from (6.19) and (6.20). □ 
Let grs{x,y) = J2r<\x-yi\<s '^(^ ~ 2/0/^ " J/iP- Then we easily deduce that 



s ^ t(t + l)' 

t=r+l ^ ' 



(6.21) 



Lemma 6.7. gr(x)(a;, •) = limg^oo grs(a^, •) e.xists in lr(^pL^^^ for all x and 



t=r+l 



Kt{x, ■) 

t{t + 1) 



in L (/i„i„) for all x. 



(6.22) 
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Proof. By fi^i^{s{S) = N) = 1 we see that linis_).oo grs{x, •) and linis_j.oo ^rs{x, •) 
exist in L'^ifigii-^) for all x. Hence limg^oo h^s/s = in L'^{iJ,^^^) for all x. This 
together with (6.21) implies (6.22). □ 

Lemma 6.8. (5.5) holds. 

Proof. Let ^^oo = supjveNSup^jgs^ Var'^i!'"[gsoo(a;,y)]^". Let hrs be defined 
similarly to 5^00 by replacing ggoo by h^s- By (6.14) we see that h^^ = —hrs + ^rt- 
So hst < hrs + hrf Hence, by (6.22) we deduce that 

By (6.15) we deduce that hrs = 0{y/s). Combining this with (6.23) we deduce 

that lims^co .9.SC0 = 0, which yields (5.5). □ 

Proof of Theorem 6.1. We use Theorem 4.5 to prove Theorem 6.1. So we 
check that {/i^nl satisfies the conditions in Theorem 4.5. By Lemma 6.2 it only 
remains to prove (4.30). Recall that (4.30) follows from (5.2) (5.5). We obtain 
(5.2) and (5.3) by Lemma 6.3. (5.4) follows from Lemma 6.5. (5.5) follows from 
Lemma 6.8. □ 



7 Proof of Theorems 2.1-2.3. 

In this section we prove Theorems 2.1-2.3. We recall that we took v{x,y) = 
in Lemma 6.2. So we set 

grs{x,y)= 2(x-t/j)/|a;-yi|^, g^ = go^, (7.1) 

r<.\x—yi I <s 

grs{x,y)= ^ 2{x-yi)/\x-yi\'^, gs = gos, (7.2) 

r<\yi\<s 

where x G S and y = ^ ■ Sy. . 
Lemma 7.1. 

lim {gs{x, •) — gs{x, •)} = —2x in L^(/(igin) compact uniformly in x. (7.3) 

5— >-00 

Proof. Let Tf and be as in (6.11). By Pgin(a;) — I/tt and (6.13) we deduce 
that 

lim W^''^[gs{x,y) - gsix,y)] (7.4) 

f 2(x — y) 1 / X , f 2(a: — y) i . , , . 

= — 2x compact uniformly in x. 
By a similar equality to (6.16) with Kgin(?/,?y) = I/tt we deduce that 

lim Var^«'°[g,(a;,y) - gs{x,y)] (7.5) 



< Um { / 

s—>oo J J 



-dy+ / -. io-m 



compact uniformly in x. 
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By (7.4) and (7.5) we obtain (7.3). □ 
We next prove the identity of the form 

Um gs{x,y) = -2x+ hm gs(a;,y). (7.6) 

s— >oo s— ^oo 

Lemma 7.2. (1) For all x € Sr, grs{x,y) and grs{x,y) converge in L^(/Xgin) as 
s ^ 00 compact uniformly in x G Sr- Moreover, (7.6) holds in the sense that 

gr{x,y) + lim grsix,y) = -2a; + gr(a;,y) + lim grs{x,y). (7.7) 

s — ^oo s— >oo 

(2) For all x, gs{x,y) and gs{x,y) converge in L'^(pgin,x) as ,s — > oo compact 
uniformly in x. Moreover, (7.6) holds. 

(3) gs and gs converge in -^^foc(^gin) as s ^ oo and (7.6) holds. 

Remark 7.1. Note that gr{x, ■),gr{x, •) ^ L^(^gin) because of the singularity at 
X. So the statement of (1) is weaker than the others. 

Proof. By [15, Theorem 1.3] we see that Var'*«'°[hrs(a:,y)] = 0{s) compact 
uniformly in a; G ^r-. Since E^s'" [hrs(a;, y)] = for all x G Sr, we deduce that 
E''s'°[|hrs(a;,y)p] = Var'''5'°[hrs(x,y)] = 0{s) compact uniformly in x e Sr. 
Hence lims_>.oo h^s/s = in L^(y^gin) compact uniformly in x e Sr- Prom this, 
combined with (6.21), we deduce that groo := hms_).co grs converges in L^(/igi„) 
compact uniformly in x G Sr- So by (7.3) we obtain (7.7). We have thus proved 
(!)• 

By (6.9) and (6.1) and a similar representation of correlation functions of 
Mgln.a; '^^ deduce that the first statement of (2) follows from that of (1). Since 
gr.,gr G i^(Mgin,x), the secoud follows from (7.7). So we obtain (2). 

(3) follows from (2) and the relation /igiji(A x B) = J^iJ,gin,x{B)Pgij^{x)dx 

with pii„(,x) = 1/tt. □ 

Proof of Theorems 2.1 and 2.3. We use Theorems 2.6 and 2.7 to prove Theo- 
rem 2.1. We take ^ = /Zgm and b{x, y) — (1/2) limg gs(a;, y), where gs is same as 
(7.6). Moreover, a{x,y) is the unit matrix for all (a;,y). Hence a = cr^ is also 
the unit matrix. We check that Hgin satisfies (A.1)-(A.5) for these a and b. 

(A.l) and (A. 5) are clear from (2.4) and (2.5). (A. 2) follows from Theo- 
rem 6.1 and Lemma 7.2 (3). In [13, Theorem 2.6] we proved that the closability 
in (A. 3) holds for k = 0. Indeed, we proved that /Xgin is a quasi-Gibbs mea- 
sure in the sense of [13, Definition 2.1] and deduced the closability for = 
from this. The closability for general k N also follows in a similar fashion 
from the quasi-Gibbs property of /igin. Since the kernel Kgin is locally Lipschitz 
continuous, (A. 4) immediately follows from [12, Theorem 2.1]. 

Wc thus see that /Xgin satisfies (A.l) (A. 5). Hence Theorems 2.1 and 2.3 
follow from Theorems 2.6 and 2.7, respectively. □ 
Proof of Theorem 2.2. By Lemma 7.2 (3) we see that (7.6) holds in ifo(,(A'gin)- 
Hence we deduce that b(a;,y) = —x + b(a;, y) in ifocC/^gin)- This combined with 
Theorem 2.1 implies Theorem 2.2. □ 



8 Proof of Theorems 2.4 and 2.5. 



In this section wc prove Theorems 2.4 and 2.5 by using Theorems 2.6 and 2.7. 
So we take jj, = Hdys, i3 and prove that Atdys,/3 satisfies (A.1)-(A.5). 
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Lemma 8.1. /Xdys,/3 

(/3 = 1,2,4) satisfy (A.l), (A.3), (A.4), and (A.5). 

Proof. Since the correlation functions {p^} of Mdys,^ have the expression (2.17) 
and the kernels Kp arc bounded, (A.l) and (A.5) arc clear. 

In [13, Theorem 2.5] we proved that the closability in (A.3) holds for k = 
0. Indeed, we proved that Mdys,/9 is a quasi-Gibbs measure and deduced the 
closability for fc = from this. The closability for general k > 1 also follows 
from the quasi-Gibbs property of lJ,dys,i3 in a similar fashion. Since the kernel 

is locally Lipschitz continuous, (A.4) follows from [12, Theorem 2.1]. □ 

By Lemma 8.1 it only remains to prove (A. 2). Define {x) by (9.4)-(9.6) 
with the replacement of S{x) by Sn{x) = sm{Trx) / {Nsm{-jTX / N)} . We set 
i?jv = {-N/2, N/2] and 

K^{x,y) = lR,{x)K^{x-y)lRM 

We take in (A. 2) to be the probability measure fi^ on S whose n-point 
correlation function p^'" is given by 

p^''\x.) = det[K^ ixi,Xj)]i<ij<n, (8.1) 
where x = (xi). It is well known [8] that p.^ (s(M) = A'') = 1 and that 

N 

p^'^(x)= const, n lH«(xO|e'^^^'/^-e2'^-^/^|'^lH.(x,). (8.2) 

We can regard Rn as a torus and fi^ to be a translation invariant probability 
measure on the configuration space on the torus Rn- The image measure of /x^ 
under the map ijJn{x) = e^'^'^/^ gives the distributions of the eigenvalues of the 
random matrices called circular ensembles [8]. We can rewrite (8.2) as 

N 

p^'^(x) = const. Yi ^RN{3:i)\uJN{xi) ~ LON{xj)flR^{xj). (8.3) 

Taking (8.2) into consideration we set 

g^'ix, y) = ^ log je""'"/^ - e2-^/^|'3 if a;, y e {-N/2, N/2) (8.4) 
= otherwise. 

Then we can easily check that 

limsup sup I / g'^{x,y)dy\ = o{s) (s — )• oo) (8.5) 

and that there exists a constant Ci2 such that 

sup sup \g^{x,y)\ < ci2 min{l, l/|y|} for all |y| > 2r. (8.6) 

N>8rxeSr 
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Theorem 8.2. Suppose j3 = 1,2,4. Then the log derivative d'*''^^''' exists in 
-^foc(A*dys,;8) f'^^ ^''^y 1 < P < 2. Moreover d^'^y"-" is given by 

/3 



dWys,3 (^x, y) = lim 



r— >00 ' X - 

|2;-J/i|<r 



(8.7) 



Proof. We use Theorem 4.5 to prove Theorem 8.2. So we check the conditions 
of Theorem 4.5. We take u{x) = w{x) = 0, u^{x) = S-m/2{x) — 5n/2{x), where 
5±N/2{^) arc delta measures, and v^{x,y) = v{x,y) = 0. We set g^ as (8.4) 
and g{x,y) = 2/{x - y). 

The conditions (4.1) and (4.2) follow from (8.1) and the definition of K^. 
(4.14) and (4.28) arc clear. For /3 = 2, 4, the condition (4.29) with p = 2 follows 
from (2.17), g{x,y) = 2/{x~y), (8.4), and Lemma 5.1. For /3 = 1 one can check 
that (4.29) with 1 < p < 2 holds by the Holder inequality in addition to the 
above. 

We next prove (4.30). For this it is suflacient to check (5.7)-(5.10) by 
Lemma 5.3. Let /U^^, be the Palm measure of fi^ conditioned at a; e Rn 

and let p^'" be its n-point correlation function. Then /x^^ has a determinantal 
structure with kernel 



K^Jy, z) = {y, z) - K"^ {y, x)K'^ (x, z)/K'^ {x, x) 



rN 



N I 



(8.8) 



When /3 



follows from [18, Theorem 1.7]. When (3 — 1,4, one can 



also check (8.8). By (9.2) and (9.4)-(9.6) we easily see that (x, x) = Ir^ {x). 
Hence (8.8) implies that for x G Rn and y, 2; e ffi 

K^Jy,z) = K^{y,z)-K^{y,x)K^{x,z). 

By (8.1) and (8.9) we see that for x G Rn and y,z gM. 

Pf,liy) - Pf\y) = -[K^{y,x)K^{x,y)]'-'\ 

Here [-J^^^ means the scaler part of quaternions • in the sense of the Appendix. 
When P ~ 2, = • because • are complex numbers. By (8.10), (9.7) and 
(9.8) there exists a constant C13 satisfying 



(8.9) 
(8.10) 



sup sup \pg {y)-pB ' (y)| < Ci3min{l, l/\y\} for all \y\ > 2r. (8.11) 

N>8rxeSr 



By (8.6) and (8.11) we obtain (5.7). 

By (8.1) and (8.9) we see that for x G Rn and y,z G'M. 

JV,2/ X JV,2/ X 

= - [K^(y,a:)K^(x,y)](") - [K^(z, x)K^(x, z)](°) 

+ [K^(y, x)K^^{x, z)K^0{z, y)] ^ + [K^ {y, 2)K^(2, x)K^ (x, y)] W. 
Then by (8.5), (8.6), (9.7) and (9.8) we see that as s 00 



(8.12) 



lim sup sup 

iV— )-00 X^Sr 



{SI 



5"(x, 2/)5"(x, z)[K^p{y, x)K^(x, y)]^''Uydz 

< o{s) ■ lim sup sup / 5^(a;,y)[K^(y,a;)K^(a;,y)]W dy by (8.5) 

= o{s) by (8.6), (9.7), and (9.8). (8.13) 
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By (8.6), (9.7) and (9.9) we deduce that 

limsupsup / \g^{x,y)g''{x,z)[K^{y,x)K^{x,z)K^{z,y)]^°^\dydz 

= o{s) (s oo). (8.14) 

We therefore obtain (5.8) from (8.12), (8.13) and (8.14). 

By p^'^ = Ipj^, and (8.5) we obtain (5.9) because v^{x,y) = w{x) = 0. 
By (8.1) and {y-iy) = lfl„(y) we deduce that 

p;''{y,z) = l«„(y)l«„(z){l - [K^(y,^)K^(z,y)](o)}. (8.15) 
So we deduce from (8.5), (9.7), (9.8), and (8.15) that 

Hmsup sup I / g'^{x,y)g'^{x,z)p^'^{y,z)dydz\ (8.16) 

= o(s)+Umsup sup I / g''{x,y)g''{x,z)[K^{y,z)K^{z,y)fUydz\ 
= o{s) {s — )• oo). 

Since p^'^{y) = l]if^{y), we deduce from (8.6) that 

hmsup sup / \g'^{x,y)\'^pg'^{y)dy = o{s) (s ^ oo). (8.17) 
Hence by (8.16) and (8.17) we obtain (5.10). □ 



Lemma 8.3. Suppose /? = 2,4. Then d'^'^^^-" e ifoclMdys,/?)- 

Proof. Let gs{x,y) = Xl|a:-yi|<s ^/(a; — t/i). Then by Theorem 8.2 it is sufficient 
for Lemma 8.3 to prove gs converge in -^foc(A*dys,/3)- 1^^ Palm measure 

of Pdys,fi conditioned at x. Then since Pdys.p are translation invariant, it is 
enough to show that gs{x, y) converge in L'^{px) for each x. 

Let hs(a;,y) = E|x-j/i|<s ^fk - ^,11/(2; - ?/»). Then we see that 

By the calculation based on the 1 and 2-point correlation functions we can check 
E^-[|h5|2] ^ 0{.s). This combined with (8.18) completes the proof. □ 

Proof of Theorems 2.4 and 2.5. By Lemma 8.1, Theorem 8.2, and Lemma 8.3 we 
see that Pdys, i3 (/3 = 2,4) satisfy (A.l) (A. 5). Hence Theorems 2.4 and 2.5 follow 
from Theorems 2.6 and 2.7, respectively. When (3 = 1, d^-^y-i^ e ifocC^dys,/?) 
any 1 < p < 2 and d'^'^y-i^ ^ ^ioc(Mdys p)- ^^i^ '^^^'^ '^^^ justify (2.39) by 
using the localization, and we still have Theorems 2.4 and 2.5. □ 



28 



February 8, 2011 



9 Appendix. 



We begin by defining for ^ = 1,4. For this purpose, we recall the standard 
quaternion notation for 2 x 2 matrices (see [8, Ch. 2.4]), 



(9.1) 



"1 


0' 




'i 0' 




■ 1' 




"0 i" 





1 


, ei = 


-i 


, e2 = 


-1 


, 63 = 


i 



A quaternion q is represented hy q ~ q^^^l 



q'^^^Bi + q'^^^e2 + ea, where 
q^^^ are complex numbers. There is a natural identification between the 2x2 
complex matrices and the quaternions given by 



a b 
c d 



= + - ^(« - ^^)ei + l{b- c)e2 - ^(6 + 0)63. (9.2) 



a b 
c d 

For a quaternion q 



We denote by 0( 



the quaternion defined by the right hand side of (9.2). 



,(0)1, 



+ g'-'^-'es, we call the scalar 



part of q. A quaternion is called scalar if g'*' = for i = 1,2,3. We often 
identify a scalar quaternion q = g^*^^ 1 with the complex number q^^^ . 



Let g = g(o)l - {g(i)ei 



g^^^es}. A quaternion matrix A = [uij] is 



called self-dual if aij = aji for all For a self-dual n x n quaternion matrix 
A = [ttij] we set 



L(<t) 

detA= ^ sign[cr] J|K^(l)<,,(2)a<,,(2)<,,(3)••• 
o■Ge„ i=l 



(0) 



(9.3) 



Here a = ai ■ • ■ <yL(a-) is a decomposition of u to products of the cyclic permu- 
tations {(Ti) with disjoint indices. We write <Ji = (cri(l), <Ji{2), . . . , (Ti{t}), where 
£ is the length of the cyclic permutation di. The decomposition is unique up to 
the order of {(Jj}. As before [•]*^°-' means the scalar part of the quaternion •. It 
is known that the right hand side is well defined (see [8, Section 5.1]). 
We are now ready to introduce K^. Let S{x) = sin{-Kx)/'KX and define 



Ki(:r) = e( 
K2{x)=S{x), 

Mx) = e( 



j; S{y)dy - '^sgn{x) S{x) 



'^■^(24 



S^''Siy)dy S{2x 



)• 



(9.4) 
(9.5) 
(9.6) 



We thus clarify the meaning of (2.17). 

We set the kernels by (9.4)-(9.6) with the replacement of S{x) by 
Sn{x) = sm{'iTx)/{Nsm{Trx/N)}. Let ljn{x) = e^'^'^/^ as before, and set 

r?^^ = ix)lR^ [y) min{l, 1/\ujn{x) - a;jv(2/) |}. (9.7) 

Then by (9.2) and (9.4)-(9.6) there exist constants cu and C15 such that 

|[K^(a;,y)K^(J/,x)](°)|<Cl4^^^ (9.8) 

|[K^(x, y)K^ (y, ^)K^(z, x)](") | < c,,{r^''/ v"/ + I'/v^ + V^'v^y}. (9.9) 
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